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ABSTRACT 
In  clinical  trials,  it  is  critical  to  incorporate  prognostic  variables  to  improve  precision  for  estimating  treatment  effects.  Per  FDA
 guidance,  these  prognostic  variables  need  to  be  prospectively  specified  in  the  statistical  analysis  plan.  Therefore,  there  is  a  great
 need  to  effectively  identify  prognostic  variables  from  historical  studies  that  are  similar  to  the  new  study.  In  this  work,  we  pro  -
 pose  a  multi-task  learning  method  to  identify  prognostic  variables  from  multiple  related  historical  clinical  trials.  Specifically,  a
 bi-level  constraint  variable  selection  (Bi-  CVS)  method  is  developed  to  identify  both  study-  specific  (within-  study)  and  program-level
 (cross-  study)  prognostic  variables.  In  addition,  we  develop  an  efficient  algorithm  for  the  Bi-  CVS,  tailored  for  clinical  trial  settings,
 and  investigate  its  consistency  property.  The  performance  of  the  proposed  method  is  evaluated  through  simulations  for  various
 endpoints,  including  continuous,  binary,  and  time-to-  event.  A  real  clinical  application  is  also  presented  to  illustrate  the  proposed
 method.

1  |  Introduction
 

Prognostic  variables  are  baseline  covariates  that  are  likely  to  be
 associated  with  the  primary  endpoint  of  a  clinical  trial.  They
 are  typically  demographic  factors,  disease  characteristics,  or  any
 other  clinical  information  relevant  to  each  participant.  Per  FDA’s
 guidance  [

 

1],  in  the  statistical  analysis  of  randomized  clinical
 trials,  it  is  critical  to  adjust  for  prognostic  baseline  covariates
 to  improve  precision  in  estimating  treatment  effects.  Moreover,
 these  prognostic  variables  and  covariates  adjusted  analysis  are
 required  to  be  prospectively  specified  in  the  statistical  analysis
 plan  (SAP).
 

In  the  conduct  of  a  clinical  trial,  prognostic  variables  to  be
 adjusted  in  the  primary  analysis  are  often  considered  as  stratifica-
 tion  factors  in  patient  randomization.  Therefore,  they  need  to  be
 pre-  specified  in  the  protocol  at  the  study  design  stage.  However,
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as  no  study  data  is  yet  available  at  the  time  of  study  design,
 clinical  teams  mostly  rely  on  their  medical  knowledge  and  prior
 experience  to  determine  the  stratification  factors.  To  guide  clini-
 cal  teams  in  their  decision-making,  in  this  paper,  we  propose  an
 approach  to  quantitatively  identify  prognostic  variables  by  lever-
 aging  data  from  historical  studies  that  are  similar  to  the  new  study
 under  the  design.
 

Several  challenges  arise  in  effectively  identifying  prognostic  vari-
 ables  from  multiple  historical  studies.  First  of  all,  due  to  indi-
 vidual  study  design  or  patient  population,  baseline  covariates
 could  be  collected  differently  in  each  study,  and  category  lev-
 els  of  factors  could  vary  across  studies  as  well.  For  instance,  a
 regional  Phase  2  study  may  only  enroll  the  Asian  population,
 whereas  a  global  Phase  3  study  could  cover  multiple  ethnic-
 ity/race  categories.  Second,  the  impact  of  a  baseline  covariate  on
 the  primary  endpoint  is  not  expected  to  be  the  same  for  all  studies.
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A  variable  could  be  prognostic  in  some  of  the  studies  but  not
 in  others.  Lastly,  the  degree  of  similarity  between  each  histori-
 cal  study  and  the  new  study  differs,  impacting  their  influence
 in  determining  the  overall  prognostic  variables.  The  proposed
 approach  addresses  these  challenges  by  accommodating  differ-
 ent  collections  of  covariates  and  impacts  of  prognostic  variables
 across  studies,  as  well  as  varying  degrees  of  similarity  between
 each  historical  study  and  the  new  study.
 

Because  prognostic  variables  are  closely  associated  with  the  study
 outcome,  identifying  them  among  demographic  factors  and  base  -
 line  disease  characteristics  can  be  considered  a  variable  selec-
 tion  problem  [

 

2].  To  perform  variable  selection  across  multi-
 ple  datasets,  a  heuristic  approach  is  to  select  variables  in  each
 dataset  individually  and  then  combine  these  selected  variable  sets
 via  some  metrics.  However,  by  pooling  these  historical  studies
 together,  we  assume  there  is  common  information  shared  among
 these  datasets  that  could  be  learned  jointly.  In  contrast,  learning
 individual  variable  selection  models  separately  fails  to  leverage
 this  shared  information. 

To  leverage  multiple  related  data  sources,  we  consider  a
 multi-task  learning  (MTL)  approach  for  joint  variable  selection
 across  datasets,  thereby  improving  the  general  selection  accuracy
 [

 

3,  4].  Existing  MTL  methods  for  feature  selection  [
 

5,  6]  often
 select  variables  in  an  “all-in-all-  out”  fashion,  identifying  them  as
 either  prognostic  across  all  studies  or  non-prognostic  in  all.  This
 overlooks  the  variability  in  the  impact  of  prognostic  variables
 across  different  studies.  To  overcome  this  limitation,  a  multi-level
 Lasso  [

 

7],  also  known  as  meta-Lasso  [
 

8],  was  proposed  to  borrow
 strength  across  multiple  datasets  while  keeping  selection  flexi-
 bility  in  each  individual  dataset.  However,  applying  these  exist-
 ing  methods  to  clinical  trial  studies  presents  several  challenges.
 First,  they  assume  that  all  datasets  collect  the  same  set  of  demo  -
 graphic  and  baseline  disease  characteristics.  Second,  these  meth-
 ods  determine  the  number  of  prognostic  variables  to  select  by
 searching  through  the  entire  regularization  path,  while  clinical
 teams  only  consider  a  very  limited  number  (i.e.,  2  –  4)  in  practice.
 Therefore,  there  is  a  need  to  decide  the  specified  number  of  prog-
 nostic  variables  in  a  more  straightforward  and  efficient  way.
 

In  this  paper,  we  propose  a  bi-level  constraint  variable  selec-
 tion  (Bi-  CVS)  approach  to  conduct  multi-task  prognostic  vari-
 able  identification  across  multiple  historical  clinical  studies.  The
 proposed  method  aims  to  select  prognostic  variables  at  both
 cross-  study  and  within-  study  levels.  The  key  contributions  of  this
 work  are  as  follows. 

First,  we  propose  a  bi-level  constraint  method  to  identify
 both  cross-  study  and  within-  study  prognostic  variables.  At  the
 cross-  study  level,  the  proposed  method  uses  the  .𝐿

 0  -norm  to
 constrain  the  number  of  selected  prognostic  variables.  At  the
 within-  study  level,  we  impose  an  .𝐿

 1   penalty  on  the  negative
 log-likelihood  to  perform  variable  selection  independently  in
 each  study.  These  study-  specific  penalties  allow  variables  iden-
 tified  as  prognostic  overall  to  be  non-prognostic  in  individual
 studies,  thereby  accommodating  variations  in  their  impact  and
 enabling  different  covariate  sets  and  factor  levels  across  stud-
 ies.  Second,  by  adding  an  .𝐿

 0  -norm  constraint  at  the  cross-  study
 level,  the  proposed  approach  can  explicitly  control  the  number
 of  prognostic  variables  to  select.  In  clinical  trial  design,  typically

 only  a  few  prognostic  variables  are  considered  [
 

9  –  11].  Unlike
 traditional  methods  (e.g.,  .𝐿

 1   regularization)  that  require  tun-
 ing  penalty  parameters  and  searching  through  the  regularization
 path,  the  proposed  method  directly  provides  the  exact  number  of
 variables  needed,  making  it  easier  for  clinical  teams  to  use  and
 interpret.  Moreover,  it  can  alleviate  the  interdependence  issue  of
 penalty  parameters  for  two-level  sparsity  problems.  Finally,  we
 develop  an  efficient  backward  selection  algorithm  for  the  Bi-  CVS
 and  investigate  its  consistency  properties.
 

The  rest  of  this  article  is  organized  as  follows.  After  a  brief  litera-
 ture  review  in  Section

 

2,  we  detail  the  proposed  Bi-  CVS  approach
 for  likelihood-based  models  and  introduce  an  efficient  algorithm
 for  it  in  Section

 

3.  Section
 

4  demonstrates  the  performance  of
 the  proposed  method  via  several  numerical  examples.  A  real
 application  to  the  luspatercept  studies  is  analyzed  in  Section

 

5.
 Finally,  Section

 

6  concludes  our  work  with  further  discussion.
 

2  |  Review  of  Multi-Task  Learning  Feature
 Selection
 

Several  techniques  for  variable  selection  in  multiple  datasets  have
 been  studied  in  the  literature.  Consider  .𝑁   datasets  from  related
 studies  for  variable  selection,  denoted  as  .

{
 𝑆

 1  ,  .  .  .  ,  𝑆 𝑁
 }

 .  For  study
 .𝑆

 𝑖  ,  let  .𝑛
 𝑖   be  the  number  of  observations  and  .𝑝

 𝑖   be  the  number
 of  covariates.  Denote  .𝒚  ( 𝑆 𝑖  )  ∈  ℝ 𝑛  𝑖   as  the  response  vector,  .𝑿  ( 𝑆 𝑖  )  ∈

 ℝ 𝑛  𝑖  ×𝑝
 𝑖

  as  the  design  matrix,  and  .𝜷  ( 𝑆 𝑖  )  =
 (

 𝛽
 ( 𝑆

 𝑖  )
 1  ,  .  .  .  ,  𝛽

 ( 𝑆
 𝑖  )

 𝑝
 𝑖

 )
 𝑇

  as  the
 coefficient  vector.  To  find  a  common  set  of  variables  that  signif-
 icantly  affect  the  response  across  different  datasets,  a  heuristic
 approach  is  to  separately  maximize  .𝑁   penalized  log-likelihoods
 (or  minimize  its  negative  form),  each  of  which  is  formulated  as  

.𝓁
 (

 𝜷  ( 𝑆 𝑖  )
 )

 −  𝜆
 𝑖

 ‖
 ‖
 ‖ 𝜷  ( 𝑆 𝑖  )  ‖ ‖ ‖

 1
 ,  𝑖  =  1,  .  .  .  ,  𝑁  , 

where  .𝓁
 (

 𝜷  ( 𝑆 𝑖  )
 )

  is  the  log-likelihood,  .𝜆
 𝑖   is  the  non-negative

 penalty  parameter,  and  .𝐿
 1   regularization  .‖

 ‖
 ‖ 𝜷  ( 𝑆 𝑖  )  ‖ ‖ ‖

 1
 =

 ∑
 𝑝

 𝑖

 𝑘=1  ∣

 𝛽
 ( 𝑆

 𝑖  )
 𝑘

 ∣  is  the  Lasso  penalty  that  shrinks  some  coefficients  .𝛽  ( 𝑆  𝑖  )
 𝑘

 

to  exactly  0  [
 

12],  selecting  only  a  subset  of  variables.  The  Lasso
 can  be  extended  to  group  Lasso  to  deal  with  the  problem  of
 selecting  grouped  variables  [

 

13].  Upon  selecting  variables  inde  -
 pendently  within  each  task,  feature  selection  across  studies  is
 achieved  by  combining  these  selected  variable  sets  via  some  met-
 rics,  for  example,  the  majority  vote.  However,  this  approach  over-
 looks  the  shared  information  across  these  related  datasets,  as  it
 conducts  variable  selection  separately  in  each  dataset.
 

To  leverage  shared  information  and  improve  general  perfor-
 mance,  multi-task  learning  (MTL)  methods  have  been  proposed
 where  multiple  related  tasks  are  learned  jointly  [

 

3].  Assuming
 that  all  datasets  have  the  same  set  of  covariates,  that  is,  .𝑝

 1  =
 .  .  .  =  𝑝

 𝑁  =  𝑝 ,  the  multi-task  feature  selection  problem  [
 

5,  6]  is
 formulated  through  .𝐿

 2,1   regularization  for  variables  of  different
 datasets  as  follows:  

.  min
 𝜷  (1)  ,  .  .  .  ,𝜷  (𝑁  )

 −
 𝑁

 ∑
 𝑖=1

 𝓁
 (

 𝜷  ( 𝑆 𝑖  )
 )

 +  𝜆
 𝑝

 ∑
 𝑘=1

 ‖
 ‖ 𝜷  𝒌  ‖ ‖

 2  , 

where  .𝜷
 𝒌  =

 (
 𝛽

 ( 𝑆
 1  )

 𝑘
 ,  .  .  .  ,  𝛽

 ( 𝑆
 𝑁  )

 𝑘

 )
 𝑇

  is  the  coefficient  vector  of  the
 k  th  variable  across  .𝑁   datasets.  This  approach  penalizes  the
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.𝐿
 1  -norm  of  the  vector  .

(
 ‖
 ‖ 𝜷  𝟏  ‖ ‖

 2  ,  .  .  .  ,
 ‖
 ‖
 ‖ 𝜷  𝒑  ‖ ‖ ‖

 2

 )
 𝑇

 ,  pushing  several  ele  -

 ments  .‖
 ‖ 𝜷  𝒌  ‖ ‖

 2  =
 (

 ∑
 𝑁

 𝑖=1

 (
 𝛽

 ( 𝑆
 𝑖  )

 𝑘

 )
 2  ) 1∕2

  to  be  0.  This  implies  .𝛽  ( 𝑆 𝑖  )
 𝑘

 =

 0  for  all  study  .𝑆
 𝑖  ,  removing  variable  .𝒙

 𝑘   from  all  datasets.  This
 .𝐿

 2,1   regularization  extends  the  .𝐿
 1   regularization  by  summing  the

 .𝐿
 2  -norms  of  grouped  coefficients.  Its  main  limitation  is  that  it

 selects  variables  in  an  “all-in-all-  out”  fashion,  either  selecting  a
 variable  in  all  datasets  or  excluding  it  from  all.  This  lack  of  flex-
 ibility  limits  its  applicability  to  real-world  problems  where  the
 impact  of  variables  varies  across  datasets  [

 

14].
 

To  overcome  this  challenge,  a  multi-level  Lasso  [
 

7],  also  called
 meta-Lasso  [

 

8],  was  proposed  to  allow  a  variable  to  be  selected
 at  cross-  study  level  but  can  be  unimportant  in  specific  stud-
 ies.  In  this  method,  the  coefficient  .𝛽  (  𝑆 𝑖  )

 𝑘
  is  decomposed  into

 a  global  component  .𝜃
 𝑘  ≥  0  and  a  study-  specific  component

 .𝛾
 ( 𝑆

 𝑖  )
 𝑘

 ,  that  is,  .𝛽  ( 𝑆 𝑖  )
 𝑘

 =  𝜃
 𝑘  𝛾

 ( 𝑆
 𝑖  )

 𝑘
 ,  .𝑘  =  1,  .  .  .  ,  𝑝 ,  .𝑖  =  1,  .  .  .  ,  𝑁  .  Then  two

 penalty  parameters  are  involved:  .𝜆
 1   is  to  control  variable  selec-

 tion  at  the  cross-  study  level,  and  .𝜆
 2   is  for  the  individual-  study

 level:  

.min
 𝜽,𝜸

 −
 𝑁

 ∑
 𝑖=1

 𝓁
 (

 𝜽,  𝜸  ( 𝑆 𝑖  )
 )

 +  𝜆
 1

 𝑝
 ∑

 𝑘=1
 ∣  𝜃

 𝑘  ∣  +𝜆
 2

 𝑝
 ∑

 𝑘=1

 𝑁
 ∑

 𝑖=1
 ∣  𝛾  (  𝑆 𝑖  )

 𝑘
 ∣, 

where  .𝜽  =
 (

 𝜃
 1  ,  .  .  .  ,  𝜃 𝑝

 )
 𝑇

  and  .𝜸  ( 𝑆 𝑖  )  =
 (

 𝛾
 (  𝑆

 𝑖  )
 1  ,  .  .  .  ,  𝛾

 ( 𝑆
 𝑖  )

 𝑝

 )
 𝑇

 .  If  .𝜃
 𝑘   is

 shrunken  to  0,  then  .𝛽  ( 𝑆 𝑖  )
 𝑘

  will  become  0  for  .𝑖  =  1,  .  .  .  ,  𝑁  ,  implying
 that  the  variable  .𝒙

 𝑘   is  excluded  from  all  datasets.  Therefore,  the
 global  components  .𝜃

 𝑘   control  the  sparsity  across  studies,  while
 .𝛾

 ( 𝑆
 𝑖  )

 𝑘
  controls  sparsity  within  study  .𝑆

 𝑖  .
 

However,  these  existing  MTL  methods  assume  the  same  set  of
 covariates  across  studies,  limiting  their  applicability  in  modeling
 multiple  clinical  trials  with  varying  study  designs  or  patient  pop  -
 ulations.  Additionally,  they  require  searching  through  the  regu-
 larization  path  to  determine  the  number  of  variables  requested
 by  clinical  teams,  which  increases  computational  complexity.  To
 overcome  these  limitations  and  address  the  challenges  outlined
 in  Section

 

1,  we  propose  a  novel  bi-level  constraint  variable  selec-
 tion  (Bi-  CVS)  approach  that  accommodates  diverse  covariate  sets,
 varying  impacts  of  prognostic  variables,  and  different  degrees  of
 similarity  across  studies.  Moreover,  it  can  explicitly  control  the
 number  of  prognostic  variables  to  be  selected,  enhancing  effi-
 ciency  and  interpretability.
 

3  |  Proposed  Method
 

In  this  section,  we  describe  the  bi-level  constraint  variable  selec-
 tion  (Bi-  CVS)  approach  within  the  multi-task  learning  frame  -
 work.  Additionally,  we  present  a  backward  selection  algorithm
 for  the  Bi-  CVS  and  study  its  consistency.
 

3.1  |  Multi-Task  Learning  Across  Multiple
 Historical  Clinical  Trials
 

We  consider  .𝑁   historical  clinical  trials,  denoted  by  .𝑆
 1  ,  .  .  .  ,  𝑆 𝑁  ,

 that  are  similar  to  the  new  study.  Let  .𝒫
 0  =  {1,  .  .  .  ,  𝑝}  index  the

 .𝑝  unique  variables  pooled  from  these  trials,  and  let  .𝑥
 𝑘   denote

 the  k  th  pooled  variable.  These  variables  may  fully  overlap  across
 studies  if  they  are  collected  in  every  trial,  or  partially  overlap  if
 they  are  collected  only  in  a  subset  of  trials.
 

For  each  study  .𝑆
 𝑖  ,  let  .𝒱

 𝑖  ⊆  𝒫 0   denote  the  index  set  of  variables
 collected  in  that  study.  The  corresponding  design  matrix  is  writ-
 ten  as  .X (𝑖)  =

 [
 x (𝑖)

 𝑘
 ∶  𝑘  ∈  𝒱

 𝑖

 ]
 ,  where  .x (𝑖)

 𝑘
  denotes  the  observed  data

 vector  of  variable  .𝑥
 𝑘   in  study  .𝑆

 𝑖  .  Similarly,  let  .𝛽  (𝑖)
 𝑘

  denote  the  coef-

 ficient  of  variable  .𝑥
 𝑘   in  study  .𝑆

 𝑖  ,  and  let  .𝜷  (𝑖)  =
 (

 𝛽
 (𝑖)

 𝑘
 ∶  𝑘  ∈  𝒱

 𝑖

 )
 𝑇

 

be  the  corresponding  coefficient  vector.  Let  .A (𝑖)   be  the  treatment
 indicator  vector,  .𝜏  (𝑖)   the  treatment  effect,  and  .y (𝑖)   the  response
 vector  for  study  .𝑆

 𝑖  .  Assuming  independence  across  studies,  the
 joint  likelihood  factorizes  as  

.𝐿
 (

 𝜷  (1)  ,  𝜏  (1)  ,  .  .  .  ,  𝜷  (𝑁  )  ,  𝜏  (𝑁  )
 )

 =
 𝑁

 ∏
 𝑖=1

 𝐿
 𝑖

 (
 𝜷  (𝑖)  ,  𝜏  (𝑖)  |A (𝑖)  ,  X (𝑖)  ,  y (𝑖)  ) . 

For  two-arm  studies,  .𝐴 (𝑖)   is  the  usual  binary  treatment  indicator.
 For  single-arm  studies,  we  set  .𝐴 (𝑖)  ≡  0  for  all  subjects.  In  this  case,
 the  treatment  effect  parameter  is  not  separately  identifiable  and
 can  be  omitted  from  the  optimization  without  affecting  the  pro  -
 posed  cross-  study  selection  procedure.  Since  the  treatment  effect
 is  not  penalized,  its  omission  does  not  introduce  any  additional
 scaling  or  penalization  of  the  baseline  covariates.
 

To  model  the  studies  jointly,  we  minimize  the  weighted  negative
 log-likelihood  together  with  a  penalty  .𝜙(𝜷  )  on  the  cross-  study
 coefficient  vector  .𝜷  =

 (
 (

 𝜷  (1)
 )

 𝑇
 ,  .  .  .  ,

 (
 𝜷  (𝑁  )

 )
 𝑇

 )
 𝑇

 :  

.  −  𝓁  (𝜷  ,  𝝉  )  +  𝜙(𝜷  )  =  −
 𝑁

 ∑
 𝑖=1

 𝑤
 𝑖  𝓁  𝑖

 (
 𝜷  (𝑖)  ,  𝜏  (𝑖)

 )
 +  𝜙(𝜷  ), 

where  .𝓁
 𝑖   is  the  log-likelihood  for  study  .𝑆

 𝑖   and  .𝑤
 𝑖   is  its

 study-  specific  weight.  The  weights  are  nonnegative  and  normal-
 ized  such  that  .

∑
 𝑁

 𝑖=1  𝑤 𝑖  =  1 .  Thus,  their  relative  magnitudes  deter-
 mine  the  contributions  of  the  historical  studies  to  the  joint  objec-
 tive.  By  introducing  the  penalty  term  .𝜙(𝜷  ) ,  we  impose  cross-  study
 structure  on  the  coefficients  and  thereby  enable  multi-task  learn-
 ing.  This  framework  can  be  used  with  a  variety  of  endpoints,
 including  linear  regression  for  continuous  outcomes,  logistic
 regression  for  binary  outcomes,  and  the  Cox  proportional  hazards
 model  for  time-to-  event  outcomes. 

The  weighting  scheme  can  be  used  for  incorporating  differences
 in  the  relevance  of  historical  studies  and  does  not  require  a  sin-
 gle  weighting  rule  for  all  applications.  In  pharmaceutical  prac-
 tice,  the  weights  may  be  prespecified  in  consultation  with  clin-
 ical  and  other  domain  experts  based  on  their  knowledge  of  the
 historical  and  new  studies.  One  possible  approach  is  to  com-
 pare  the  patient  enrollment  criteria,  including  both  inclusion  and
 exclusion  criteria,  of  each  historical  study  with  those  of  the  new
 study.  For  example,  let  .𝑐

 𝑖   denote  the  number  of  criteria  shared
 by  study  .𝑆

 𝑖   and  the  new  study.  The  weight  may  then  be  defined
 as  .𝑤

 𝑖  =  𝑐 𝑖  ∕
 ∑

 𝑁

 𝑗  =1  𝑐  𝑗  ,  so  that  studies  sharing  more  enrollment  cri-
 teria  with  the  new  study  receive  greater  influence  in  the  joint
 selection  procedure.  This  overlap-based  measure  is  one  possible
 implementation  of  the  weighting  framework;  other  prespecified
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measures  may  be  used  when  supported  by  the  clinical  team.  If  no
 reliable  prior  information  is  available  to  distinguish  the  relevance
 of  the  historical  studies,  one  can  use  equal  weights  .𝑤

 𝑖  =  1∕𝑁   as
 a  default.
 

3.2  |  Bi-Level  Constraint  Variable  Selection
 (Bi-CVS)
 

Given  the  multi-task  learning  framework  for  multiple  historical
 studies,  the  next  step  is  to  identify  prognostic  variables  across
 them.  This  is  a  variable  selection  problem  aimed  at  identify-
 ing  the  variables  most  strongly  associated  with  the  outcome.
 Designed  for  clinical  trial  data,  we  propose  a  method  that  selects
 a  pre-  specified  number  of  prognostic  variables  while  accommo  -
 dating  different  variable  collections,  categorizations,  prognostic
 effects,  and  degrees  of  similarity  across  studies.
 

For  each  pooled  variable  .𝑥
 𝑘  ,  let  .

 𝑘  =
 {

 𝑖  ∶  𝑘  ∈  𝒱
 𝑖

 }
  denote

 the  set  of  studies  in  which  .𝑥
 𝑘   is  collected.  Define  . ̃ 𝜷

 𝑘  =
 (

 𝛽
 (𝑖)

 𝑘
 ∶  𝑖  ∈  

 𝑘

 )
 𝑇

 ,  and  collect  the  corresponding  group  norms  into

 . ̃ g  =
 (

 ∥  ̃ 𝜷
 1  ∥ 2  ,  .  .  .  ,  ∥  ̃ 𝜷  𝑝  ∥ 2

 )
 𝑇

 .
 

At  the  first  level,  our  goal  is  to  identify  cross-  study  prognostic
 variables.  To  enforce  sparsity  among  the  cross-  study  groups  . ̃ 𝜷

 𝑘  ,
 .𝑘  =  1,  .  .  .  ,  𝑝 ,  we  impose  an  .𝐿

 0  -  constraint  on  . ̃ g :  

.  ∥  ̃ g  ∥
 0  =

 𝑝
 ∑

 𝑘=1
 𝐼

 {
 ∥  ̃ 𝜷

 𝑘  ∥ 2  ≠  0
 }

 ≤  𝜂  . 

This  constraint  limits  the  number  of  pooled  variables  that  remain
 prognostic  across  studies  to  at  most  .𝜂  .  If  .∥  ̃ 𝜷

 𝑘  ∥ 2  =  0 ,  then  .𝛽  (𝑖)
 𝑘

 =  0 
for  all  .𝑖  ∈  

 𝑘  ,  indicating  that  .𝑥
 𝑘   is  non-prognostic  in  every  study

 where  it  is  collected. 

At  the  second  level,  we  allow  the  impact  of  a  cross-  study  prognos-
 tic  variable  to  vary  from  study  to  study.  If  .𝑥

 𝑘   is  categorical,  its  coef-
 ficient  in  study  .𝑆

 𝑖   is  represented  by  a  group  of  dummy-variable
 coefficients  .

{
 𝛽

 (𝑖)
 𝑘,𝑙

 ∶  𝑙  =  1,  .  .  .  ,  𝑙
 (𝑖)

 𝑘

 }
 ,  where  .𝑙  (𝑖)

 𝑘
  denotes  number  of

 non-reference  dummy  coefficients  of  .𝑥
 𝑘   in  study  .𝑆

 𝑖  .  This  allows
 the  same  categorical  variable  to  have  different  numbers  of  levels
 across  studies.  Within  each  study,  we  use  a  group  Lasso  penalty

 so  that  all  levels  of  a  categorical  variable  are  selected  or  excluded
 together:
 

.
(

 ̂
 𝜷

 (𝑖)
 ,  𝜏  (𝑖)

 )
 =  arg  min

 𝜷  (𝑖)  ,𝜏  (𝑖)

 {
 −  1

𝑛
 𝑖

 𝓁
 𝑖

 (
 𝜷  (𝑖)  ,  𝜏  (𝑖)

 )
 +  𝜆

 𝑖

 ∑
 𝑘∈𝒱

 𝑖

 √
𝑙

 (𝑖)
 𝑘

 ∥  𝛽  (𝑖)
 𝑘

 ∥
 2

 }
 , 

(1)

 where  .𝜆
 𝑖   is  a  nonnegative  penalty  parameter  that  can  be  selected

 by  cross-validation.  For  a  categorical  variable  .𝑥
 𝑘  ,  .∥  𝛽

 (𝑖)
 𝑘

 ∥
 2  =

 (
 ∑

 𝑙
 (𝑖)

 𝑘

 𝑙  =1

 (
 𝛽

 (𝑖)
 𝑘,𝑙

 )
 2

 )
 1∕2

 .  For  a  continuous  variable  .𝑥
 𝑘  ,  the  term  .

√
𝑙

 (𝑖)
 𝑘

 ∥

 𝛽
 (𝑖)

 𝑘
 ∥

 2   reduces  to  .∣  𝛽  (𝑖)
 𝑘

 ∣ ,  which  corresponds  to  a  Lasso  penalty.
 

Combining  the  constraints  from  these  two  levels,  we  define  the
 proposed  bi-level  constraint  variable  selection  (Bi-  CVS)  estimator  

.
(

 ̂
 𝜷

 (1)
 ,  𝜏  (1)  ,  .  .  .  ,  ̂ 𝜷

 (𝑁  )
 ,  𝜏  (𝑁  )

 )
 , 

as  the  solution  to  

.arg  min
 𝜷  (𝑖)  ,𝜏  (𝑖)

 𝑖=1,  .  .  .  ,𝑁

 𝑁
 ∑

 𝑖=1
 𝑤

 𝑖

 {
 −  1

𝑛
 𝑖

 𝓁
 𝑖

 (
 𝜷  (𝑖)  ,  𝜏  (𝑖)

 )
 +  𝜆

 𝑖

 ∑
 𝑘∈𝒱

 𝑖

 √
𝑙

 (𝑖)
 𝑘

 ∥  𝛽  (𝑖)
 𝑘

 ∥
 2

 }

 s.t.  ∥  ̃ g  ∥
 0  =

 𝑝
 ∑

 𝑘=1
 𝐼

 {
 ∥  ̃ 𝜷

 𝑘  ∥ 2  ≠  0
 }

 ≤  𝜂  . (2)

 Here,  .𝑤
 𝑖   is  the  weight  for  study  .𝑆

 𝑖   defined  in  Section
 

3.1,  .𝜆
 𝑖   is

 the  study-  specific  penalty  parameter  selected  by  cross-validation,
 and  .𝜂   specifies  the  desired  number  of  prognostic  variables  across
 the  .𝑁   studies.  As  illustrated  in  Figure

 

1,  the  first  level  con-
 straint  enforces  sparsity  across  studies,  removing  non-prognostic
 variables,  while  the  second  level  constraint  accommodates
 study-  specific  variations  in  the  impact  of  selected  variables.
 

In  clinical  trial  applications,  it  is  beneficial  for  researchers  to
 be  able  to  specify  the  exact  number  of  prognostic  variables  they
 need.  This  ensures  that  the  results  are  interpretable  and  aligned
 with  domain-  specific  knowledge.  The  proposed  method,  utiliz-
 ing  the  .𝐿

 0  -norm,  provides  explicit  control  over  the  number  of
 required  prognostic  variables  across  studies  through  the  parame  -
 ter  .𝜂  .  If  the  optimal  number  of  prognostic  variables  is  unknown,
 .𝜂   can  be  treated  as  a  tuning  parameter  and  determined  via
 cross-validation  [

 

15].

FIGURE  1  |  Illustration  of  the  two-level  sparsity in  the  Bi-  CVS.  Each  box  represents  a  variable  in a  study,  and  grouped  boxes  represent  identical
 variables  across  studies.  Pink  boxes  denote  variables  identified  as  prognostic.  At  Level  1,  .𝜂  =  2  ,  Variables  1  and  4  are  identified  as  prognostic  across  all
 studies  that  include  them.  Then  Level  2  sparsity  allows  these  variables  to  be  non-prognostic  in  specific  studies,  such  as  Variable  1  in  study  4.
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3.3  |  Backward  Selection  Alg  orithm
 

Although  .𝐿
 0   regularization  is  ideal  for  enforcing  sparsity  by  con-

 sistently  finding  the  best  .𝜂  -  sparse  estimator  [
 

16,  17],  its  NP-hard
 nature  poses  computational  challenges,  as  the  number  of  candi-
 date  subsets  grows  exponentially  with  .𝑝  [

 

18].  Therefore,  stepwise
 selection  methods  are  commonly  used  in  practice,  including  for-
 ward  selection,  backward  selection,  and  their  combination,  each
 with  its  own  advantages  and  limitations  [

 

19,  20].
 

In  clinical  trial  settings,  increasing  the  number  of  prognostic  vari-
 ables  adds  complexity  to  implementing  stratified  randomization
 and  may  lead  to  imbalanced  distributions  across  an  excessive
 number  of  strata  [

 

21].  Since  only  a  limited  number  of  prognostic
 factors  (typically  2  –  4)  are  used  for  stratification  in  practice,  back-
 ward  selection  is  particularly  suitable.  Unlike  forward  selection,
 which  may  miss  important  variables  because  of  its  limited  selec-
 tion  steps,  backward  selection  starts  from  the  full  pooled  set  and
 sequentially  removes  the  least  influential  variables.  In  addition,
 clinical  trial  datasets  typically  satisfy  .𝑛  >  𝑝 ,  so  backward  selection
 can  be  applied  without  the  severe  overfitting  concerns  that  arise
 in  high-  dimensional  settings.  Finally,  backward  selection  is  sim-
 ple  and  computationally  efficient  compared  with  stepwise  proce  -
 dures  and  other  penalty  alternatives  (e.g.,  .𝐿

 1  -norm  [
 

12],  .𝐿
 2  -norm

 [
 

22],  and  their  combinations  [
 

23])  that  require  going  through  the
 regularization  path  to  find  the  penalty  parameter  yielding  exactly
 .𝜂   non-zero  variables.  We  therefore  adopt  a  backward  selection
 algorithm  for  the  proposed  Bi-  CVS  model.
 

Given  input  datasets  .
(

 X (1)  ,  y (1)
 )

 ,  .  .  .  ,
 (

 X (𝑁  )  ,  y (𝑁  )
 )

 ,  the  algorithm
 is  initialized  with  the  full  pooled  index  set  .𝒫

 0  =  {1,  .  .  .  ,  𝑝} .  At
 each  iteration,  let  .𝒫  ⊆  𝒫

 0   denote  the  current  candidate  set.  For
 each  study  .𝑆

 𝑖  ,  Equation  (
 

1)  is  fitted  using  the  variables  indexed
 by  .𝒫

 𝑖  =  𝒫  ∩  𝒱 𝑖  ,  that  is,  the  variables  currently  under  consider-
 ation  and  observed  in  study  .𝑆

 𝑖  .  The  study-  specific  tuning  param-
 eter  is  selected  by  cross-validation  based  on  the  current  vari-
 able  set  .𝒫   and  is  denoted  by  .̂ 𝜆

 𝑖  (𝒫  ) .  These  tuning  parame  -
 ters  are  then  held  fixed  when  evaluating  all  candidate  variable
 removals  at  the  current  backward-  selection  step.  The  empiri-
 cal  objective  value  for  .𝒫  ,  denoted  by  .𝑄

 𝑛  (𝒫  ) ,  is  then  evaluated
 according  to  Equation  (

 

2).  For  each  .𝑘  ∈  𝒫  ,  the  PMLE  mod-
 els  are  refitted  using  .𝒫  ∖{𝑘}  with  the  current  .̂ 𝜆

 𝑖  (𝒫  ) ,  and  the
 effect  of  removing  variable  index  .𝑘  is  measured  by  .𝐷

 𝑛  (𝑘;  𝒫  )  =
 𝑄

 𝑛  (𝒫  ∖{𝑘})  −  𝑄 𝑛  (𝒫  ) .  The  variable  index  corresponding  to  the
 smallest  increase  in  the  objective  value  is  removed  from  .𝒫  .  After
 removal,  the  study-  specific  tuning  parameters  are  re-  selected
 by  cross-validation  for  the  affected  studies.  Fixing  .̂ 𝜆

 𝑖  (𝒫  )  dur-
 ing  candidate  evaluation  avoids  repeated  cross-validation  and
 reduces  computation  when  .𝑝  is  large.  This  backward  elimi-
 nation  procedure  continues  until  .∣  𝒫  ∣=  𝜂  ,  at  which  point  we
 set  . ̂ 𝒫  =  𝒫  .
 

Suppose  that  .𝑞   variables  remain  at  a  given  backward-  elimination
 step.  There  are  .𝑞   candidate  removals,  and,  with  the  study-  specific
 .̂ 𝜆

 𝑖   held  fixed,  each  candidate  may  require  refitting  the  penal-
 ized  model  in  all  .𝑁   studies.  Assuming  a  bounded  number
 of  optimization  iterations  and  a  bounded  number  of  design
 columns  per  pooled  variable,  a  study-  specific  fit  with  .𝑛

 𝑖   obser-
 vations  has  complexity  .𝑂

 (
 𝑛

 𝑖  𝑞
 )

 .  Thus,  candidate  evaluation  over
 the  full  elimination  path  has  complexity  .𝑂

 {(
 ∑

 𝑁

 𝑖=1  𝑛 𝑖

 )
 (

 𝑝 3  −  𝜂  3
 ) }

 .

 

ALGORITHM  1  |  Backward  selection  algorithm.
 

Require:  Datasets  (𝐗 (1)  ,  𝐲  (1)  ),  …  ,  (𝐗 (𝑁  )  ,  𝐲  (𝑁  )  );  target
 size  𝜂

Ensure:  Selected  cross-study  prognostic  index
 set  ̂ 

1:  Initialization:
2:  Set    ←  

 0  =  {1,  …  ,  𝑝}
3:  For  each  study  𝑆

 𝑖  ,  define   𝑖  =    ∩   𝑖
4:  Fit  the  PMLE  model  in  Equation∼(2)  using

 the  variables  indexed  by  
 𝑖  and  determine

 ̂
 𝜆

 𝑖  by  cross-validation
5:  Compute  𝑄

 𝑛  (  )  according  to  Equation∼(2)
6:  Backward  Selection:
7:  while  |  |  >  𝜂  do
8:  for  each  𝑘  ∈    do
9:  Define    −𝑘

 =    ⧵  {𝑘}
10:  For  each  study  𝑆

 𝑖  ,  define  
 −𝑘

 𝑖  =  
 −𝑘

 ∩  
 𝑖

11:  Refit  the  PMLE  model  using    −𝑘
 𝑖  with

 the  current  ̂ 𝜆
 𝑖  and  compute  𝑄 𝑛  (  −𝑘

 )
12:  Compute  𝐷

 𝑛  (𝑘;    )  =  𝑄 𝑛  (  −𝑘
 )  −  𝑄

 𝑛  (  )
13:  end  for
14:  Select  𝑘 ∗  ∈  arg  min

 𝑘∈  𝐷  𝑛  (𝑘;    )
15:  Update    ←    ⧵  {𝑘 ∗  }
16:  Re-select  ̂ 𝜆

 𝑖  by  cross-validation  and
 update  𝑄

 𝑛  (  )
17:  end  while
18:  Set  ̂   =  
 

After  a  variable  is  selected,  cross-validation  is  repeated  only
 for  the  affected  studies.  With  .𝐾   folds  and  .𝐿  tuning  param-
 eter  values  along  the  regularization  path,  this  contributes
 .𝑂

 {
 KL

 (
 ∑

 𝑁

 𝑖=1  𝑛  𝑖

 )
 (

 𝑝 2  −  𝜂  2
 ) }

 .  Therefore,  when  .𝑛
 𝑖  =  𝑂  (𝑛) ,  the  over-

 all  worst-  case  complexity  is  

.𝑂
 [

 Nn
 {(

 𝑝 3  −  𝜂  3
 )

 +  KL
 (

 𝑝 2  −  𝜂  2
 )}]

 . 

In  practice,  parallel  computing  techniques  can  be  used  to  evalu-
 ate  candidate  variable  removals  simultaneously,  thereby  reducing
 the  overall  computing  time.
 

3.4  |  Consistency  Properties
 

Algorithm
 

1  initializes  with  the  full  pooled  variable  set  .𝒫
 0   and

 iteratively  removes  the  variable  yielding  the  smallest  empirical
 deletion  increment  until  exactly  .∣  𝒫  ∣=  𝜂   variables  remain.  In
 this  section,  we  study  the  large-  sample  behavior  of  this  back-
 ward  elimination  procedure  under  a  fixed-  dimensional  frame  -
 work,  where  both  the  number  of  studies  .𝑁   and  the  pooled  dimen-
 sion  .𝑝  remain  fixed  as  the  study  sample  sizes  .𝑛

 𝑖   increase.  Specif-
 ically,  we  show  that  the  backward  elimination  path  based  on  the
 empirical  objective  converges  to  the  corresponding  deterministic
 path  defined  by  its  population  objective.
 

To  reflect  the  implementation  of  Algorithm
 

1,  the  tuning  param-
 eter  is  allowed  to  depend  on  the  candidate  subset  under  consider-
 ation.  For  each  study  .𝑖  and  each  candidate  set  .𝒫  ⊆  𝒫

 0  ,  let  .̂ 𝜆
 𝑖  (𝒫  ) 

denote  the  study-  specific  tuning  parameter  selected  when  fitting
 the  penalized  model  on  the  subset  .𝒫

 𝑖  =  𝒫  ∩  𝒱 𝑖  . 
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For  any  candidate  set  .𝒫  ⊆  𝒫
 0  ,  define  the  empirical  objective  

.𝑄
 𝑛  (𝒫  )  =

 𝑁
 ∑

 𝑖=1
 𝑤

 𝑖  inf
 𝜷

 (𝑖)
 𝒫

 ,𝜏  (𝑖)

 {
 −  1

𝑛
 𝑖

 𝓁
 𝑖

 (
 𝜷

 (𝑖)
 𝒫  ,  𝜏

 (𝑖)
 )

 +  ̂ 𝜆
 𝑖  (𝒫  )

 ∑
 𝑘∈𝒫

 𝑖

 √
𝑙

 (𝑖)
 𝑘

 ∥  𝛽  (𝑖)
 𝑘

 ∥
 2

 }
 . 

That  is,  .𝑄
 𝑛  (𝒫  )  evaluates  each  subset  at  its  own  tuned  penalty

 level.  Let  .𝜆
 𝑖  (𝒫  )  denote  the  deterministic  large-  sample  limit  of

 .̂ 𝜆
 𝑖  (𝒫  ) .  We  define  the  corresponding  population  objective  by

 

.𝑄(𝒫  )  =
 𝑁

 ∑
 𝑖=1

 𝑤
 𝑖  inf

 𝜷
 (𝑖)
 𝒫  ,𝜏

 (𝑖)

 {
 𝐸

 [
 −  1

𝑛
 𝑖

 𝓁
 𝑖

 (
 𝜷

 (𝑖)
 𝒫  ,  𝜏

 (𝑖)
 ) ]

 +  𝜆
 𝑖  (𝒫  )

 ∑
 𝑘∈𝒫

 𝑖

 √
𝑙

 (𝑖)
 𝑘

 ∥  𝛽  (𝑖)
 𝑘

 ∥
 2

 }
 . 

For  any  .𝑘  ∈  𝒫  ,  define  the  empirical  and  population  deletion
 increments  by  .𝐷

 𝑛  (𝑘;  𝒫  )  =  𝑄 𝑛  (𝒫  ∖{𝑘})  −  𝑄 𝑛  (𝒫  )  and  .𝐷  (𝑘;  𝒫  )  =
 𝑄(𝒫  ∖{𝑘})  −  𝑄(𝒫  ) .  Starting  from  .𝒫  (0)

 pop  =  𝒫 0  ,  the  popu-
 lation  backward  elimination  path  is  defined  by  repeatedly
 removing  .𝑘  ∗

 𝑡
 =  arg  min

 𝑘∈𝒫  (𝑡)
 pop

 𝐷
 (

 𝑘;  𝒫  (𝑡)
 pop

 )
 ,  and  setting  .𝒫  (𝑡+1)

 pop  =

 𝒫  (𝑡)
 pop  ∖

 {
 𝑘  ∗

 𝑡

 }
 ,  𝑡  =  0,  1,  .  .  .  ,  𝑝  −  𝜂  −  1 .  The  final  population-  selected

 set  is  denoted  as  .𝒫
 pop  =  𝒫

 (𝑝−𝜂  )
 pop  .

 

The  assumptions  below  are  standard  for  fixed- .𝑝  penalized
 .𝑀  -  estimation  over  a  finite  collection  of  candidate  subsets.  Con-
 ditions  (C1)  and  (C2)  are  routine  regularity  conditions  for  the
 loss  and  parameter  spaces.  Condition  (C3)  formalizes  the  asymp  -
 totic  stability  of  the  subset-  specific  tuning  parameters,  while
 Condition  (C4)  is  a  separation  condition  imposed  to  ensure
 that  the  variable  deleted  at  each  population  step  is  uniquely
 determined. 

(C1)  The  number  of  studies  .𝑁   and  the  pooled  dimension  .𝑝  are
 fixed,  and  .min

 1≤𝑖≤𝑁  𝑛 𝑖  →  ∞ .
 

(C2)  For  each  study  .𝑖  and  each  subset  .𝒫  ⊆  𝒫
 0  ,  the  parame  -

 ter  space  corresponding  to  .
(

 𝜷
 (𝑖)
 𝒫  ,  𝜏

 (𝑖)
 )

  is  compact,  the  negative
 log-likelihood  function  and  the  penalty  term  are  continuous  in
 the  parameters,  the  negative  log-likelihood  is  dominated  by  an
 integrable  envelope,  and  the  infima  defining  .𝑄

 𝑛  (𝒫  )  and  .𝑄(𝒫  ) 
are  attained. 

(C3)  For  each  study  .𝑖  =  1,  .  .  .  ,  𝑁  ,  .sup
 𝒫  ⊆𝒫

 0
 ∣  ̂ 𝜆

 𝑖  (𝒫  )  −  𝜆 𝑖  (𝒫  )  ∣
 𝑝→0 .
 

(C4)  Along  the  population  backward  elimination  path,  the  vari-
 able  to  be  removed  at  each  step  is  unique.  Moreover,  there  exists
 a  constant  .Δ

 min  >  0  such  that  for  every  .𝑡  =  0,  1,  .  .  .  ,  𝑝  −  𝜂  −  1 ,  

.  min
 𝑘∈𝒫  (𝑡)

 pop  ,𝑘≠𝑘 ∗
 𝑡

 {
 𝐷

 (
 𝑘;  𝒫  (𝑡)

 pop

 )
 −  𝐷  (𝑘 ∗

 𝑡
 ;  𝒫  (𝑡)

 pop  )
 }

 ≥  Δ
 min  . 

We  first  establish  a  uniform  convergence  result  for  .𝑄
 𝑛  (𝒫  ) .  Its

 proof  is  based  on  the  uniform  convergence  of  the  empirical  loss  to
 its  population  counterpart  in  Condition  (C2),  the  asymptotic  sta-
 bility of  the  subset-  specific  tuning  parameters  in  Condition  (C3),
 and  the  finiteness  of  the  candidate  subset  class  under  Condition
 (C1).  The  proof  is  deferred  to  Appendix

 

A  in
 

Supporting  Infor-
 mation.  With  Lemma

 

1,  the  proof  of  path  consistency  reduces  to
 comparing  the  empirical  and  population  deletion  increments. 

Lemma  1.  Under  Conditions  (C1)  –  (C3),
 

.  sup
 𝒜  ⊆𝒫

 0

 |
 | 𝑄 𝑛  (𝒜  )  −  𝑄(𝒜  ) |

 | 𝑝→0  as  min
 1≤𝑖≤𝑁

 𝑛
 𝑖  →  ∞. 

Theorem  1.  (Consistency  of  subset-wise  tuned  backward  elim-
 ination).  Let  . ̂ 𝒫   be  the  output  of  Algorithm

 

1  when  the  algorithm
 stops  at  size  .𝜂  ,  and  let  .𝒫

 pop   be  the  corresponding  population  result
 defined  above.  Under  Conditions  (C1)  –  (C4),  

.  Pr
 (

 ̂
 𝒫  =  𝒫

 pop

 )
 →  1  as  min

 1≤𝑖≤𝑁
 𝑛

 𝑖  →  ∞. 

Proof.  For  any  candidate  set  .𝒫  ⊆  𝒫
 0   and  any  .𝑘  ∈  𝒫  ,

 recall  that
 

.𝐷
 𝑛  (𝑘;  𝒫  )  =  𝑄  𝑛  (𝒫  ∖{𝑘})  −  𝑄  𝑛  (𝒫  ),  𝐷  (𝑘;  𝒫  )  =  𝑄(𝒫  ∖{𝑘})  −  𝑄(𝒫  ). 

By  Lemma
 

1,  

.  sup
 𝒜  ⊆𝒫

 0

 ∣  𝑄
 𝑛  (𝒜  )  −  𝑄(𝒜  )  ∣  𝑝→0. 

Hence,  for  any  .𝒫  ⊆  𝒫
 0   and  any  .𝑘  ∈  𝒫  ,  

.|𝐷
 𝑛  (𝑘;  𝒫  )  −  𝐷  (𝑘;  𝒫  )|  =  | |

 | [ 𝑄 𝑛  (𝒫  ∖{𝑘})  −  𝑄(𝒫  ∖{𝑘})
 ]

 −
 [

 𝑄
 𝑛  (𝒫  )  −  𝑄(𝒫  )

 ]
 |
 |
 |

 ≤∣  𝑄
 𝑛  (𝒫  ∖{𝑘})  −  𝑄(𝒫  ∖{𝑘})  ∣

 +  ∣  𝑄
 𝑛  (𝒫  )  −  𝑄(𝒫  )  ∣

 ≤  2  sup
 𝒜  ⊆𝒫

 0

 ∣  𝑄
 𝑛  (𝒜  )  −  𝑄(𝒜  )  ∣  . 

Taking  the  supremum  overall  .𝒫  ⊆  𝒫
 0   and  .𝑘  ∈  𝒫   yields  

.  sup
 𝒫  ⊆𝒫

 0

 sup
 𝑘∈𝒫

 ∣  𝐷
 𝑛  (𝑘;  𝒫  )  −  𝐷  (𝑘;  𝒫  )  ∣  𝑝→0. 

Define  the  event  

.
 𝑛  =

 {
 sup

 𝒫  ⊆𝒫
 0

 sup
 𝑘∈𝒫

 |𝐷
 𝑛  (𝑘;  𝒫  )  −  𝐷  (𝑘;  𝒫  )|  <  Δ min

3

 }
 . 

Then  .Pr
 (

 
 𝑛

 )
 →  1 .  We  claim  that  on  .

 𝑛  ,  the  empirical  and  popula-
 tion  backward  elimination  procedures  make  the  same  deletion  at
 every  step.  Fix  .𝑡  ∈  {0,  1,  .  .  .  ,  𝑝  −  𝜂  −  1},  and  suppose  the  current
 population  candidate  set  is  .𝒫  (𝑡)

 pop  .  By  Condition  (C4),  the  pop  -
 ulation  minimizer  is  uniquely  .𝑘 ∗

 𝑡
 ,  and  for  every  .𝑘  ∈  𝒫  (𝑡)

 pop   with
 .𝑘  ≠  𝑘 ∗

 𝑡
 ,  

.𝐷
 (

 𝑘;  𝒫  (𝑡)
 pop

 )
 ≥  𝐷

 (
 𝑘 ∗

 𝑡
 ;  𝒫  (𝑡)

 pop

 )
 +  Δ

 min  . (3)
 

On  the  event  .
 𝑛  ,  for  .𝑘  ∈  𝒫  (𝑡)

 pop  ,  

.𝐷
 𝑛

 (
 𝑘;  𝒫  (𝑡)

 pop

 )
 ≥  𝐷

 (
 𝑘;  𝒫  (𝑡)

 pop

 )
 −

 Δ
 min

3
 , (4)

 and  for  .𝑘 ∗
 𝑡

 ∈  𝒫  (𝑡)
 pop  ,  

.𝐷
 𝑛

 (
 𝑘  ∗

 𝑡
 ;  𝒫  (𝑡)

 pop

 )
 ≤  𝐷

 (
 𝑘  ∗

 𝑡
 ;  𝒫  (𝑡)

 pop

 )
 +

 Δ
 min

3
 . (5)

 

Therefore,  using  Equations  (
 

3  –  5),  

.𝐷
 𝑛

 (
 𝑘;  𝒫  (𝑡)

 pop

 )
 −  𝐷

 𝑛

 (
 𝑘 ∗

 𝑡
 ;  𝒫  (𝑡)

 pop

 )
 ≥

 [
 𝐷

 (
 𝑘;  𝒫  (𝑡)

 pop

 )
 −

 Δ
 min

3

 ]
 −

 [
 𝐷

 (
 𝑘 ∗

 𝑡
 ;  𝒫  (𝑡)

 pop

 )
 +

 Δ
 min

3

 ]
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=  𝐷
 (

 𝑘;  𝒫  (𝑡)
 pop

 )
 −  𝐷

 (
 𝑘 ∗

 𝑡
 ;  𝒫  (𝑡)

 pop

 )
 −

 2Δ
 min

3

 ≥
 Δ

 min

3
 >  0. 

so  the  empirical  minimizer  is  also  uniquely  .𝑘 ∗
 𝑡

 .
 

Since  both  procedures  start  from  the  same  full  set  .𝒫
 0  ,  a

 finite  induction  over  the  .𝑝  −  𝜂   elimination  steps  shows  that
 they  remove  the  same  variable  at  every  step  on  the  event  .

 𝑛  .
 Hence,  . ̂ 𝒫  =  𝒫

 pop   on  .
 𝑛  .  Because  .Pr

 (
 

 𝑛

 )
 →  1 ,  it  follows  that

 .Pr
 (

 ̂
 𝒫  =  𝒫

 pop

 )
 →  1 .  ◽  

4  |  Simulation  Study
 

In  this  section,  we  conduct  simulation  studies  to  evaluate  the
 performance  of  the  proposed  Bi-  CVS.  We  aim  to  demonstrate  its
 variable  selection  performance  across  various  data  types  and  its
 ability  to  handle  factors  effectively.  The  proposed  Bi-  CVS  is  com-
 pared  with  the  separate  Lasso  (SepLasso),  the  multi-task  feature
 selection  (MTLLasso),  and  the  meta  Lasso  (MetaLasso).

 

4.1  |  Data  Generation
 

We  first  generate  the  study-  specific  covariates  .𝑿  ,  followed  by  the
 true  coefficients  .𝜷   and  responses  .𝒚  .  We  consider  .𝑁  =  8  historical
 studies  with  .𝑛

 𝑖  =  100  and  .𝑝  ∈  {20,90,120} .  In  all  settings,  .𝜂  =  4 
pooled  variables  are  selected  as  the  true  cross-  study  prognostic
 variables,  leaving  16,  86,  and  116  noise  variables,  respectively.  We
 use  equal  study  weights  .𝑤

 𝑖  =  1∕𝑁   because  no  prior  information
 on  study  relevance  is  assumed.
 

A primary  motivation  for  Bi-  CVS  is  the  heterogeneity  across  his-
 torical  studies,  where  different  variables  may  be  collected  or  the
 same  categorical  variable  may  have  different  factor  levels.  Since
 MTLLasso  and  MetaLasso  require  a  common  covariate  structure,
 we  consider  two  scenarios: 

S1.  All  studies  contain  the  same  set  of  .𝑝  variables  with
 consistent  factor  levels,  allowing  comparison  of  Bi-  CVS,
 SepLasso,  MTLLasso,  and  MetaLasso  (MTLLasso  does  not
 support  time-to-  event  responses).
 

S2.  Studies  may  collect  different  subsets  of  the  pooled  variables
 and  use  different  factor  levels.  Only  Bi-  CVS  and  SepLasso  are
 compared  in  this  heterogeneous  setting.
 

In  (S2),  the  number  of  variables  collected  in  study  .𝑆
 𝑖   is  obtained

 by  rounding  a  draw  from  .𝑁  (0.8𝑝,  1) ,  after  which  the  variables  are
 randomly  sampled  from  the  pooled  set.  All  pooled  variables  are
 required  to  appear  in  at  least  one  study,  and  each  true  cross-  study
 prognostic  variable  must  be  measured  in  at  least  four  studies.  We
 set  70%  of  the  pooled  variables  to  be  categorical  and  the  remaining
 variables  to  be  continuous.  Continuous  variables  are  indepen-
 dently  generated  from  .𝑁  (0,  1) .  Categorical  variables  have  two  to
 four  levels,  with  at  least  five  observations  in  each  level.  Factor
 levels  are  consistent  across  studies  in  (S1)  but  are  generated  sep  -
 arately  within  each  study  in  (S2).
 

We  next  generate  the  true  coefficient  vector  .𝜷   by  randomly  select-
 ing  .𝜂  =  4  pooled  variables  as  the  true  cross-  study  prognostic  vari-
 ables.  For  each  study  .𝑆

 𝑖  ,  a  level-2  sparsity  probability  is  gen-
 erated  from  .Unif(0,0.3) ,  allowing  a  cross-  study  prognostic  vari-
 able  to  be  inactive  in  some  studies.  Each  true  prognostic  vari-
 able  is  required  to  have  a  nonzero  effect  in  at  least  four  studies,
 while  non-prognostic  variables  have  coefficient  zero  in  all  stud-
 ies.  For  an  active  continuous  variable,  .𝛽

 ik  =  𝑠  ik  𝑎 ik  ,  where  .𝑠
 ik  ∈

 {−1,  1}  and  .𝑎
 ik  ∼  Unif(0.5,0.8) .  For  an  active  categorical  variable,

 category-  specific  effects  are  centered  at  zero  and  scaled  to  have  a
 similar  magnitude.
 

Then  we  generate  three  types  of  endpoints  .𝒚  :  continuous,  binary,
 and  time-to-  event. 

1.  Continuous  endpoint:  For  study  .𝑆
 𝑖  ,  .𝒚  𝑖  =  𝛽 0𝑖  +  𝑿  𝑖  𝜷  𝑖  +  𝝐  𝑖  ,

 where  .𝛽
 0𝑖  ∼  𝑁  (0,  1)  and  .ϵ

 ij
 i.i.d.

 ∼  𝑁  (0,  1) .
 

2.  Binary  endpoint:  For  study  .𝑆
 𝑖  ,  we  generate  .𝛽

 0𝑖  ∼
 Unif(−0.3,0.3)   and  calculate  .𝜼

 𝑖  =  𝛽 0𝑖  +  𝑿  𝑖  𝜷  𝑖   and
 .𝒑

 𝑖  =  exp
 (

 𝜼
 𝑖

 )
 ∕

 (
 1  +  exp

 (
 𝜼

 𝑖

 ))
 .  We  then  generate  .𝑦

 ij  ∼
 Bernoulli

 (
 𝑝

 ij
 )

  and  require  at  least  10  observations  in
 each  response  class  within  each  study.

 

3.  Time-to-  event  endpoint:  Event  times  are  generated  from
 a  proportional  hazards  model  with  .𝜆

 ij  =  𝜆 0𝑖  exp
 (

 𝒙 𝑇
 ij  𝜷  𝑖

 )
 ,

 where  .𝜆
 0𝑖  ∼  Unif(0.5,1.5) ,  and  .𝑇

 ij  ∼  Exp
 (

 𝜆
 ij

 )
 .  Independent

 censoring  times  are  generated  as  .𝐶
 ij  ∼  Exp

 (
 𝜆

 ci
 )

 ,  where  .𝜆
 ci  

is  selected  to  achieve  approximately  35%  censoring  within
 each  study.  The  observed  outcome  is  . ̃ 𝑇

 ij  =  min
 (

 𝑇
 ij  ,  𝐶 ij

 )
  with

 event  indicator  .𝛿
 ij  =  𝐼

 (
 𝑇

 ij  ≤  𝐶 ij
 )

 .  We  require  at  least  10
 observed  events  within  each  study.

 

4.2  |  Method  Comparison
 

We  evaluate  both  cross-  study  prognostic  variable  selection  and
 within-  study  sparsity  recovery.  Cross-  study  prognostic  variable
 selection  corresponds  to  Level-1  selection,  while  within-  study
 sparsity  recovery  corresponds  to  Level-2  selection.  For  Level-1
 selection,  we  report  the  exact  recovery  rate  and  recall.  For  each
 replication,  exact  recovery  is  indicated  by  .𝐼

 (
 ̂

 𝒫  =  𝒫  ∗
 )

 ,  where

 .𝒫  ∗   and  . ̂ 𝒫   denote  the  true  and  estimated  sets  of  cross-  study  prog-
 nostic  variables,  and  the  exact  recovery  rate  is  its  average  across
 simulation  replications.  Level-1  recall  is  defined  as  .∣  ̂ 𝒫  ∩  𝒫  ∗  ∣
 ∕  ∣  𝒫  ∗  ∣ .
 

For  Level-2  selection,  each  measured  study-variable  pair  is
 classified  as  active  or  inactive  according  to  whether  its  true
 and  estimated  coefficients  are  nonzero.  For  a  categorical  vari-
 able,  it  is  considered  active  if  at  least  one  of  its  corresponding
 category-  specific  coefficients  is  nonzero.  The  following  quantities
 are  calculated  over  all  measured  study-variable  pairs:
 

.TP  =
 ∑

 𝑖,𝑘

 𝐼
 (

 𝛽
 ( 𝑆

 𝑖  )
 𝑘

 ≠  0  ∧  ̂ 𝛽  ( 𝑆  𝑖  )
 𝑘

 ≠  0
 )

 ,  FP  =
 ∑

 𝑖,𝑘

 𝐼
 (

 𝛽
 ( 𝑆

 𝑖  )
 𝑘

 =  0  ∧  ̂ 𝛽  ( 𝑆  𝑖  )
 𝑘

 ≠  0
 )

 ,

 TN  =
 ∑

 𝑖,𝑘

 𝐼
 (

 𝛽
 ( 𝑆

 𝑖  )
 𝑘

 =  0  ∧  ̂ 𝛽  ( 𝑆  𝑖  )
 𝑘

 =  0
 )

 ,  FN  =
 ∑

 𝑖,𝑘

 𝐼
 (

 𝛽
 ( 𝑆

 𝑖  )
 𝑘

 ≠  0  ∧  ̂ 𝛽  ( 𝑆  𝑖  )
 𝑘

 =  0
 )

 . 

We  report  the  .𝐹
 1   score,  false  negative  rate  (FNR),  and  false  pos-

 itive  rate  (FPR),  defined  as  .𝐹
 1  =  2TP∕(2TP  +  FP  +  FN) ,  .FNR  =

 FN∕(TP  +  FN) ,  and  .𝐹  𝑃  𝑅  =  FP∕(FP  +  TN) .
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For  a  comparable  Level-1  evaluation,  all  methods  identify  the
 same  target  number  .𝜂  =  4  of  cross-  study  prognostic  variables.
 Bi-  CVS  directly  selects  .𝜂   variables  through  backward  elimination.
 SepLasso  ranks  variables  according  to  their  cross-  study  selec-
 tion  frequencies,  while  MTLLasso  and  MetaLasso  rank  variables
 according  to  the  magnitude  of  their  estimated  coefficients  across
 studies.  For  these  benchmark  methods,  the  top  .𝜂   ranked  variables
 are  retained  for  Level-1  evaluation.  The  original  study-  specific
 estimates  are  used  to  calculate  .𝐹

 1  ,  FNR,  and  FPR.  The  compari-
 son  results  for  (S1)  and  (S2)  are  summarized  in  Tables

 

1  (Figure
 

2)
 and

 

2,  respectively.
 

In  (S1),  as  shown  in  Table
 

1  (Figure
 

2),  Bi-  CVS  shows  consistently
 strong  performance  across  all  endpoints  and  dimensions.  For  the
 continuous  and  survival  endpoints,  it  achieves  perfect  Level-1
 recovery  for  all  .𝑝 ,  with  .𝐹

 1   scores  around  0.94  –  0.96  and  very  low
 FPR  and  FNR.  For  the  binary  endpoint,  Bi-  CVS  also  maintains
 high  Level-1  exact  recovery  rates  of  0.96  –  0.98,  recall  of  at  least
 0.99,  and  .𝐹

 1   scores  above  0.91.  Although  MTLLasso  and  Meta-
 Lasso  perform  competitively  in  some  settings,  Bi-  CVS  provides
 more  consistent  performance  across  endpoint  types  and  dimen-
 sions,  while  SepLasso  generally  produces  more  false-positive
 selections  and  lower  .𝐹

 1   scores.  The  improved  selection  perfor-
 mance  comes  with  additional  computational  cost:  the  run  time
 of  Bi-  CVS  increases  with  .𝑝  and  is  generally  longer  than  that  of
 SepLasso  and  MTLLasso.  However,  its  performance  remains  sta-
 ble  as  .𝑝  increases  from  20  to  120.  Even  when  .𝑝  =  120  >  𝑛

 𝑖  =  100 ,
 it  retains  nearly  perfect  Level-1  recovery  and  low  error  rates,  pro  -
 viding  empirical  evidence  of  its  robustness  when  .𝑝  >  𝑛

 𝑖  . 

In  (S2),  as  shown  in  Table
 

2,  the  advantage  of  Bi-  CVS  becomes
 more  evident  under  heterogeneous  variable  collections  and  fac-
 tor  levels.  For  the  continuous  and  survival  endpoints,  Bi-  CVS
 achieves  perfect  Level-1  recovery  for  all  .𝑝  with  .𝐹

 1   scores  around
 0.95  and  very  low  FPR  and  FNR.  It  also  consistently  outperforms
 SepLasso  for  the  binary  endpoint  in  terms  of  Level-1  recovery.
 As  .𝑝  increases,  SepLasso  becomes  much  less  stable:  at  .𝑝  =  120 ,
 its  FNR  exceeds  0.85  for  all  three  endpoints,  whereas  Bi-  CVS
 maintains  .𝐹

 1   scores  of  0.9525,  0.8783,  and  0.9553  for  the  continu-
 ous,  binary,  and  survival  endpoints,  respectively.  SepLasso  is  sub  -
 stantially  faster  computationally,  while  the  run  time  of  Bi-  CVS
 increases  with  the  number  of  candidate  variables.  Thus,  the
 improved  selection  accuracy  and  stability  of  Bi-  CVS  are  obtained
 at  the  cost  of  additional  computation.  These  results  demonstrate
 that  Bi-  CVS  remains  effective  under  the  heterogeneous  study
 structures  that  motivate  the  proposed  method,  including  the  set-
 ting  with  .𝑝  >  𝑛

 𝑖  .
 

5  |  Real  Clinical  Application
 

Luspatercept  is  a  first-in-  class  erythroid  maturation  agent
 for  treating  anemia  in  patients  with  beta-thalassemia  and
 myelodysplastic  syndromes  (MDS).  In  August  2023,  the  U.S.
 Food  and  Drug  Administration  (FDA)  approved  Reblozyl
 (luspatercept-aamt)  for  the  treatment  of  anemia  without  previ-
 ous  erythropoiesis-  stimulating  agent  use  (ESA-naive)  in  adult
 patients  with  very  low-risk  to  intermediate-risk  MDS  who  may
 require  regular  red  blood  cell  (RBC)  transfusions.  In  this  section,
 we  evaluate  the  performance  of  the  proposed  Bi-  CVS  in  selecting

 prognostic  variables  using  data  from  four  historical  clinical  trials
 of  luspatercept  in  patients  with  MDS.  In  these  historical  studies,
 prognostic  variables  for  covariate  adjustment  were  pre-  specified
 in  the  SAP  by  the  clinical  team.  When  designing  a  new  luspa-
 tercept  MDS  study,  we  aim  to  statistically  identify  prognostic
 variables  from  historical  data  to  support  this  pre-  specification
 process.
 

In  these  four  historical  studies  of  luspatercept,  summarized  in
 Table

 

3,  MDS-001  and  MDS-002  are  global,  two-arm  studies
 focusing  on  transfusion-  dependent  (TD)  subjects.  MDS-001  is
 designed  for  second-line  treatment  in  ESA-refractory  patients,
 whereas  MDS-002  targets  first-line  treatment  in  ESA-naive
 patients.  On  the  other  hand,  MDS-003  and  MDS-004  are
 single-arm  studies  conducted  only  in  Asia.  MDS-003  enrolls
 non-transfusion  dependent  (NTD)  patients,  while  MDS-004  tar-
 gets  TD  patients.  For  each  study,  the  endpoint  was  defined  as  a
 binary  response  indicator.  Since  no  reliable  prior  information  was
 available  for  assigning  different  weights  to  the  four  studies,  we
 used  equal  weights  .𝑤

 𝑖  =  1∕4  in  this  case  study.
 

These  studies  highlight  challenges  encountered  in  real-world
 applications  due  to  their  different  designs  (inclusion/exclusion
 eligibility)  and  patient  populations,  leading  to  variations  in  the
 collection  of  baseline  covariates  across  studies.  For  instance,  the
 RACE  variable  is  omitted  in  MDS-003  and  MDS-004,  which  were
 conducted  exclusively  in  Asia.  Similarly,  the  RBC  variable  is
 absent  in  MDS-003  since  it  enrolls  only  non-transfusion  depen-
 dent  (NTD)  patients.  These  discrepancies  highlight  the  neces-
 sity  of  the  proposed  Bi-  CVS  method,  which  accommodates  data
 heterogeneity  and  leverages  common  information  across  similar
 studies  to  identify  prognostic  variables.
 

As  only  a  limited  number  (i.e.,  2  –  4)  of  stratification  factors  is
 considered  in  clinical  trial  designs,  for  ease  of  use  and  interpre  -
 tation,  the  proposed  method  allows  clinical  teams  to  explicitly
 specify  the  number  of  prognostic  variables  to  be  selected.  If  the
 optimal  number  is  unknown,  it  can  be  determined  by  tuning
 the  Level-1  constraint  parameter  .𝜂  .  In  studies  of  luspatercept  for
 treating  anemia  in  MDS  patients,  the  proposed  method  selected
 RBC  ,  EPO,  and  IPSSR  to  meet  the  request  for  three  prognos-
 tic  variables.  These  variables  were  also  aligned  with  the  factors
 recommended  by  the  clinical  team  in  the  program.  The  inter-
 action  plots  between  treatment  and  these  three  variables  in  the
 two-arm  trials  MDS-001  and  MDS-002  are  displayed  in  Figure

 

3.
 MDS-003  and  MDS-004  did  not  appear  in  Figure

 

3  because,  as
 single-arm  studies,  they  do  not  permit  treatment-by-  subgroup
 comparisons.  However,  both  studies  were  included  in  the  pro  -
 posed  Bi-  CVS  analysis  and  contributed  to  the  cross-  study  prog-
 nostic  variable  selection.  The  plots  show  nearly  parallel  lines
 across  subgroups,  suggesting  that  these  variables  may  primarily
 act  as  prognostic  rather  than  treatment-interaction  variables  in
 these  two  randomized  studies.  This  suggests  that  incorporating
 these  variables  in  stratified  randomization  could  provide  more
 balanced  strata  and  improve  precision  for  estimating  treatment
 effects. 

To  formally  assess  the  interactions  between  treatment  and  the
 selected  variables,  we  fitted  separate  logistic  regression  models
 for  each  variable  within  each  study,  including  the  main  effects
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FIGURE  2  |  Comparison  of  variable  selection performance  and  computation  time  under  scenario  (S1).  Points  represent  mean  values  and  error
 bars  represent  one  standard  deviation  across  100  simulation  replications.  Columns  correspond  to  continuous,  binary,  and  survival  endpoints,  and  rows
 correspond  to  Level-1  exact  recovery,  FNR,  FPR,  .𝐹

 1  ,  and  run  time,  respectively.
 

of  treatment  and  the  selected  variable  and  their  interaction.  The
 interaction  effect  is  assessed  using  a  likelihood  ratio  test  compar-
 ing  the  interaction  model  with  the  corresponding  main-  effects
 model.  The  results  are  reported  in  Table

 

4.  From  these  results,  one
 can  see  that  none  of  the  treatment-by-variable  interactions  is  sta-
 tistically  significant  in  either  study  (all  .𝑝 -values  .≥  0.2254 ).  Thus,
 these  results  are  consistent  with  the  approximately  parallel  lines
 in  Figure

 

3  and  suggest  that  the  selected  variables  are  prognostic.

 

6  |  Discussion
 

This  work  was  motivated  by  a  practical  problem  in  the  design
 of  new  clinical  trials,  where  regulatory  guidance  recommends
 pre-  specifying  key  prognostic  variables  in  the  statistical  analysis
 plan. In  collaboration  with  Bristol  Myers  Squibb,  we  considered
 the  setting  in  which  a  new  trial  is  informed  by  multiple  historical
 studies  that  may  differ  in  study  design,  patient  population,  and
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TABLE  2  |  Simulation  results  under  scenario  (S2)  with  .𝑁  =  8  ,  .𝑛
 𝑖  =  100  ,  and  .𝑝  ∈  {20,90,120}  .

 

.𝒑  =  20 .𝒑  =  90 .𝒑  =  120 

Endpoint Metric Bi-  CVS SepLasso Bi-  CVS SepLasso  Bi-  CVS SepLasso  

Continuous  Level-1  exact 1  (0.00) 0.7200
 (0.45)  

1  (0.00)  0.9000
 (0.30)  

1  (0.00)  0.9600
 (0.20)  

Level-1  recall 1  (0.00) 0.9300
 (0.11)  

1  (0.00)  0.9725
 (0.09)  

1  (0.00)  0.9900
 (0.05)  

FNR 0  (0.00) 0  (0.00) 0  (0.00)  0.0172
 (0.06)  

0  (0.00)  0.8574
 (0.09)  

FPR 0.0169
 (0.01) 

0.3467
 (0.07)  

0.0042
 (0.00)  

0.0050
 (0.00)  

0.0028
 (0.00)  

0.1442
 (0.03)  

.𝐹
 1  0.9614

 (0.03) 
0.5518

 (0.04)  
0.9495

 (0.03)  
0.9326

 (0.07)  
0.9525

 (0.03)  
0.0622

 (0.04)  
Run  time  (s) 1.8647

 (0.17) 
0.1409

 (0.01)  
28.8701

 (2.65)  
0.5090

 (0.03)  
40.3947

 (3.56)  
0.4621

 (0.03)  
Binary  Level-1  exact 0.9800

 (0.14) 
0.6800

 (0.47)  
0.6800

 (0.47)  
0.3200

 (0.47)  
0.7800

 (0.42)  
0.3600

 (0.48)  
Level-1  recall 0.9950

 (0.04) 
0.9150

 (0.13)  
0.9000

 (0.18)  
0.7800

 (0.20)  
0.9450

 (0.10)  
0.8050

 (0.18)  
FNR 0.0670

 (0.08) 
0.1796

 (0.10)  
0.1209

 (0.13)  
0.2430

 (0.18)  
0.1094

 (0.11)  
0.9165

 (0.08)  
FPR 0.0121

 (0.01) 
0.2292

 (0.06)  
0.0049

 (0.00)  
0.0070

 (0.00)  
0.0039

 (0.00)  
0.0860

 (0.03)  
.𝐹

 1  0.9359
 (0.05) 

0.5694
 (0.05)  

0.8560
 (0.16)  

0.7561
 (0.18)  

0.8783
 (0.10)  

0.0505
 (0.04)  

Run  time  (s) 2.6126
 (0.53) 

0.5386
 (0.13)  

34.8036
 (6.53)  

0.7175
 (0.11)  

53.2139
 (3.34)  

0.6782
 (0.04)  

Survival  Level-1  exact 1  (0.00) 0.8400
 (0.37)  

1  (0.00)  0.9800
 (0.14)  

1  (0.00)  0.9200
 (0.27)  

Level-1  recall 1  (0.00) 0.9600
 (0.09)  

1  (0.00)  0.9950
 (0.04)  

1  (0.00)  0.9800
 (0.07)  

FNR 0.0018
 (0.01) 

0.0091
 (0.02)  

0.0009
 (0.01)  

0.0038
 (0.03)  

0.0010
 (0.01)  

0.9052
 (0.07)  

FPR 0.0179
 (0.01) 

0.2867
 (0.08)  

0.0034
 (0.00)  

0.0036
 (0.00)  

0.0027
 (0.00)  

0.1035
 (0.02)  

.𝐹
 1  0.9586

 (0.02) 
0.6014

 (0.06)  
0.9588

 (0.03)  
0.9551

 (0.04)  
0.9553

 (0.03)  
0.0529

 (0.04)  
Run  time  (s) 1.8464

 (0.20) 
0.1687

 (0.02)  
49.7179

 (3.55)  
0.7068

 (0.03)  
60.8319

 (3.78)  
0.6802

 (0.04)  

Note:  Values  are  reported  as mean  (SD)  over  100  simulation  replications.  Run  time  is  reported  in  seconds. 

collected  baseline  covariates.  To  address  this  challenge,  we  devel-
 oped  the  Bi-  CVS  method  within  a  multi-task  learning  framework
 to  identify  a  prespecified  number  of  prognostic  variables  across
 heterogeneous  historical  studies.
 

The  proposed  method  is  designed  for  settings  in  which  historical
 studies  are  related  but  not  identical.  It  accommodates  partially
 overlapping  covariate  sets  across  studies  and  allows  common
 categorical  variables  to  have  different  observed  levels  in  differ-
 ent  studies.  In  addition,  study-  specific  weights  and  within-  study
 penalization  allow  the  selected  prognostic  variables  to  affect  the
 outcome  differently  across  studies.  To  implement  this  frame  -
 work,  we  developed  a  backward  selection  algorithm  that  directly

 returns  a  user-  specified  number  of  prognostic  variables,  mak-
 ing  it  easier  to  interpret  and  apply.  The  simulation  studies  and
 real-  data  application  further  support  the  effectiveness  of  the  pro  -
 posed  approach.
 

There  are  several  promising  directions  for  future  research.  First,
 it  would  be  valuable  to  extend  the  framework  to  settings  with  a
 large  number  of  potentially  relevant  historical  studies.  Although
 incorporating  more  studies  may  improve  information  borrowing,
 it  also  increases  computational  burden  and  may  reduce  perfor-
 mance  when  some  studies  are  only  weakly  related  to  the  tar-
 get  study.  One  possible  direction  is  to  develop  study-  selection  or
 study-weighting  strategies  based  on  similarity  to  the  new  study.
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TABLE  3  |  Summaries  of  luspatercept  MDS  studies.
 

Study Design  Subject  Population  Treatment Region  Variables  

MDS-001  Two-arm ESA-refractory,
 RS+,  TD  

229 Luspatercept  (153)
 or  Placebo  (76)  

Global  AGE  ,  GENDER,  RACE  ,  RBC,  EPO,
 MDS,  T2DIAG,  ECOG,  IPSSR,  PLATE  

MDS-002  Two-arm ESA-naive,  RS+
 &  RS−,  TD  

363 Luspatercept  (182)
 or  Epoetin Alfa  (181)  

Global  AGE  ,  GENDER,  RACE  ,  RBC,  RS,  EPO,
 MDS,  T2DIAG,  ECOG,  IPSSR,  PLATE  

MDS-003  Single-arm RS+  &  RS−,  NTD  21 Luspatercept Japan AGE  ,  GENDER,  RS,  EPO,  MDS,
 T2DIAG,  ECOG,  IPSSR,  PLATE  ,  ESA 

MDS-004  Single-arm RS+,  TD  30 Luspatercept China  and
 Japan 

AGE  ,  GENDER,  RBC,  EPO,  MDS,
 T2DIAG,  ECOG,  IPSSR,  PLATE  ,  ESA 

FIGURE  3  |  Interaction  plots  displaying  the  average  response  rates  for  placebo  versus  luspatercept  in  MDS-001  and  for  epoetin  alfa  versus  luspater-
 cept  in  MDS-002,  segmented  by  patient  subgroups  for  three  selected  prognostic  variables:  RBC,  EPO,  and  IPSSR.  The  absence  of  MDS-003  and  MDS-004
 from  these  plots  is  due  to  their  nature  as  single-arm  trials.
 

TABLE  4  |  Likelihood  ratio  tests  for  interactions  between  treatment
 and  the  selected  prognostic  variables.
 

MDS-001 MDS-002  

Variable .𝝌  2  .𝒑  .𝝌  2  .𝒑 

RBC 0.2046 0.6511 0.1341 0.7142  
EPO 1.4695 0.2254 0.6858 0.4076  
IPSSR 0.4924 0.4829 0.0220 0.8820  

Another  is  to  formulate  the  incorporation  of  additional  stud-
 ies  as  a  data-adaptive  or  active  learning  problem.  Second,  the
 theoretical  analysis  is  currently  restricted  to  fixed  .𝑝 ,  while  the
 computational  burden  increases  as  .𝑝  grows.  More  scalable  algo  -
 rithms  and  corresponding  theoretical  developments  are  needed
 for  higher-  dimensional  settings.  Third,  the  proposed  framework
 may  be  extended  to  accommodate  other  data  structures,  such
 as  longitudinal  data,  as  well  as  applications  in  genomics  or
 finance.
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